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ABSTRACT 
The physical mechanisms underlying the curvature evolution in turbulent premixed Bunsen 
flames at different thermodynamic pressures are investigated using a three-dimensional Direct 
Numerical Simulation database. It is found that, due to the occurrence of the Darrieus-Landau 
instability, the high-pressure flame exhibits higher probability than the low-pressure cases of 
developing large negative curvature values and saddle concave topologies. The terms in the 
curvature transport equation due to normal strain rate gradients and curl of vorticity arising 
from both turbulent flow and flame normal propagation play pivotal roles in the curvature 
evolution. The mean value of the net contribution of the flame propagation terms dominates 
over the net contributions arising from the background fluid motion.  The net contribution of 
the source/sink terms tries to reduce the convexity of the flame surface in the positively curved 
locations. By contrast, the net contribution of the source/sink terms promotes concavity of the 
flame surface towards the reactants in the negatively curved regions and this effect is 
particularly strong for the high pressure flame, where the effects of the Darrieus-Landau 
instability are prominent. This also gives rise to large negative skewness of the probability 
density functions of  curvature in the high-pressure flame with the Darrieus-Landau instability. 
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1. INTRODUCTION 
The local flame surface topology in premixed flames can be characterised in terms of flame 
curvature [1]. The importance of flame curvature statistics on turbulent premixed combustion 
modelling deserves some scrutiny [2,3]. Analytical studies [4-8] indicate that flame curvature 
significantly affects flame propagation in perturbed laminar premixed flames and plays a key 
role in thermo-diffusive and hydrodynamic instabilities. The flame curvature has been shown 
to affect local displacement speed [9-30] and the magnitude of reactive scalar gradient 
[19,24,31-35] in turbulent premixed flames. Moreover, the differential diffusion of heat and 
species, arising from non-unity Lewis number, has been found to affect the curvature 
dependences of displacement speed [18,25,31], consumption speed [36,37] and reactive scalar 
gradient [24]. Furthermore, Creta et al. [38] postulate that the negative skewness of the 
probability density function (PDF) of curvature is a marker of the Darrieus-Landau (D-L) 
instability (an intrinsic flame instability that occurs in premixed flames due to the thermal 
expansion of the gas) in Bunsen burner flames. Klein et al. [39] demonstrated that the negative 
skewnesss in the curvature PDF can arise also due to Huygens propagation (i.e., the flame 
surface propagation normal to itself) and that the skewness of the curvature PDF becomes 
increasingly negative for Bunsen flames with increasing pressure. They also suggested a 
criterion for negative skewness based on two alternative mechanisms, i.e. Huygens propagation 
and the D-L instability.  The latter is caused due to large separation between the nozzle diameter 
(i.e., hydrodynamic length scale) and the flame thickness, such that the range of unstable 
wavelength exceeds the critical wavelength for D-L instability. This motivates a thorough 
analysis aiming at understanding the physical mechanisms, which play an important role in the 
evolution of curvature in turbulent Bunsen burner flames, as well as their pressure dependence 
and their behaviour under the D-L instability. For more information on the D-L instability the 
reader is referred to references [38,39] and the literature cited therein. The present analysis 
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addresses the aforementioned gaps in the existing literature by studying the statistical 
behaviours of the terms of the transport equation of local flame curvature.  
 
A transport equation of surface curvature in parametric coordinates was derived by Pope [40]. 
Recently, Dopazo et al. [41] proposed an alternative derivation in general Cartesian 
coordinates, which reveals that the normal strain rate and the vorticity, caused by a curved iso-
scalar surface propagating with a spatially variable displacement speed, significantly affect the 
evolution of curvature in addition to flow normal strain rates and vorticity. This analysis was 
subsequently extended by Cifuentes et al. [42] to analyse the curvature transport in a turbulent 
bluff body burner using a flame-resolved three-dimensional simulation. It has been found that 
the contributions arising from flame propagation dominates over the flow-induced terms in the 
curvature transport equation. Neither of these analyses addressed the physical mechanisms 
which play active role in the curvature distribution characteristic of the DL instabilities (e.g. 
negative skewness of the curvature probability density functions [38,39]). These effects are yet 
to be fully understood and this paper addresses this important void in the existing literature. To 
the best of knowledge of these authors, there is no study available in the open literature where 
the effects of DL instabilities are analysed in terms of the curvature transport by considering 
turbulent Bunsen flames for different pressure levels.  
 
By considering the budgets of the various terms in the curvature transport equation, it is 
possible to establish a relation between the terms of the curvature transport equation and flame 
instabilities that might occur under certain conditions. This, in turn, enables one to understand 
if positive or negative flame curvature elements behave neutral, are damped or possibly 
amplified in the presence of flame instabilities. 
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Previous analyses [34,35] indicate that the mean behaviours of dilatation rate and tangential 
strain rate in Bunsen flames are affected by the occurrence of the DL instability at high 
pressure, and these strain rate statistics may have a significant role in the curvature evolution 
at elevated pressure.  A DNS database of five different methane-air turbulent premixed Bunsen 
burner flames has been considered to analyse these issues. Three different Bunsen burner cases 
(A-C) with different pressures have been considered for a given set of values of root-mean-
square turbulent fluctuating velocity normalised with the unstrained laminar burning velocity 
𝑢′/𝑆𝐿, normalised bulk mean inlet velocity 𝑈𝐵/𝑆𝐿 and integral length scale to nozzle diameter 
ratio 𝑙/𝐷. For methane-air flames, the laminar burning velocity 𝑆𝐿 decreases with increasing 
pressure 𝑃 according to 𝑆𝐿~𝑃
−0.5
 [43]. Moreover, the gas density increases proportionally to 
pressure (i.e., 𝜌 ∝  𝑃), which leads to a reduction of the unburned gas kinematic viscosity with 
increasing pressure as 𝜈𝑢~𝑃
−1
. Thus, the thermal flame thickness 𝛿𝑡ℎ decreases with increasing 
pressure as 𝛿𝑡ℎ~𝜈𝑢 𝑆𝐿⁄ ~𝑃
−0.5
. Both the turbulent Reynolds number, 𝑅𝑒𝑡 = 𝑢
′𝑙/𝜈𝑢~𝑢
′𝑙/
(𝑆𝐿𝛿𝑡ℎ), and the flow Reynolds number, 𝑅𝑒𝐷 = 𝑈𝐵𝐷 𝜈𝑢⁄ ~𝑈𝐵𝐷 (𝑆𝐿𝛿𝑡ℎ)⁄ , for cases A-C 
increase with increasing pressure according to 𝑅𝑒𝑡~𝑃
0.5 and 𝑅𝑒𝐷~𝑃
0.5, respectively. Hence, 
cases A-C occupy different locations on the combustion regime diagram [44]. Two additional 
cases (D and E) at the lowest pressure have been considered with the same turbulent Reynolds 
number, 𝑅𝑒𝑡, as that of the highest-pressure case-C. This is achieved by increasing 𝑢
′/𝑆𝐿 for a 
given value of 𝑙/𝛿𝑡ℎ in case D, whereas 𝑙/𝛿𝑡ℎ is increased for a given value of 𝑢
′/𝑆𝐿 in case E.  
The main objectives of this investigation are: 
- To analyse the effects of pressure on the statistical behaviours of the terms of the curvature 
transport equation for turbulent premixed Bunsen burner flames. 
- To identify the terms and the associated physical mechanisms, which play key roles in the D-
L instability at high pressure Bunsen flames. 
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The mathematical background pertaining to the curvature transport is presented in the next 
section. A brief description of the numerical implementation follows. Results are next shown 
and discussed, and, finally, some conclusions are drawn. 
 
2. MATHEMATICAL BACKGROUND 
The transport equation for the reaction progress variable, 𝑐(x, 𝑡), obeys the conservation 
equation: 
𝜕𝑐
𝜕𝑡
+ 𝑢𝑗 
𝜕𝑐
𝜕x𝑗
=
1
𝜌
𝜕
𝜕x𝑗
(𝜌𝐷𝑐
𝜕𝑐
𝜕x𝑗
) + ?̇?𝑐 =
1
𝜌
𝜕
𝜕x𝑁
(𝜌𝐷𝑐
𝜕𝑐
𝜕x𝑁
) + 𝐷𝑐
𝜕𝑐
𝜕x𝑁
𝑛𝑖,𝑖 + ?̇?𝑐    (1) 
where u𝑗 is the 𝑗
th component of the flow velocity, 𝜌 is the fluid density, 𝐷𝑐 is the diffusivity 
of 𝑐 and ?̇?𝑐 is chemical reaction rate. The local unit normal vector, 𝐧, of a 𝑐 isosurface, pointing 
towards the unburned gas side, is defined as:  n𝑖 = −(𝜕𝑐 𝜕x𝑖⁄ ) |∇𝑐|⁄ = − 𝑐,𝑖 |∇𝑐|⁄ =
𝑐,𝑖 (𝜕𝑐 𝜕x𝑁⁄ )⁄ , where x𝑁 is the local coordinate in the normal direction to the isosurface. 
According to the convention used here, 𝑛𝑖,𝑖/2 = 0.5 𝜕𝑛𝑖 𝜕𝑥𝑖⁄ = 𝜅𝑚 = 0.5(𝜅1 + 𝜅2) is the 
mean value of the two principal curvatures, 𝜅1 and 𝜅2, of the isosurface and will henceforth be 
referred to as the mean isosurface curvature or, for short, mean curvature. Based on this 
convention, the flame surface has a positive (negative) curvature where it is convex (concave) 
toward the reactants. Eq. 1 can be written in the kinematic form for a given  𝑐 = 𝑐∗ isosurface 
as [44]: 
𝜕𝑐
𝜕𝑡
+ v𝑗
𝑐 𝜕𝑐
𝜕x𝑗
=
𝜕𝑐
𝜕𝑡
+ 𝑢𝑗
𝜕𝑐
𝜕x𝑗
− 𝑆𝑑|∇𝑐| = 0         (2) 
The above equation and Eqs. 3-8 are strictly valid for given  𝑐 = 𝑐∗ isosurface, and this 
conditional feature is not shown explicitly in these equations in the interests of brevity and 
readability.  Here, v𝑗
𝑐 = 𝑢𝑗 + 𝑆𝑑𝑛𝑗 is the j
th component of local propagation velocity of a point 
on a given  𝑐 isosurface, and 𝑆𝑑 is the normal displacement speed of a particular isosurface 
relative to the flow. Sd is readily obtained from eqs.1 and 2 [11,12,17]: 
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S𝑑(x, 𝑡) =  
1
𝜌|∇𝑐|
𝜕
𝜕x𝑁
(𝜌𝐷𝑐
𝜕𝑐
𝜕x𝑁
) − 2𝐷𝑐𝜅𝑚 +
?̇?𝑐
|∇𝑐|
                                        (3)               
Deriving eq. 1 with respect to 𝑥𝑖 and setting 𝑐,𝑖 = −|∇𝑐|n𝑖, one obtains [41]: 
1
|∇𝑐|
(
𝜕|∇𝑐|𝑛𝑖
𝜕𝑡
+ v𝑗
𝑐 𝜕|∇𝑐|𝑛𝑖
𝜕x𝑗
) = −v𝑗,𝑖
𝑐 n𝑗           (4) 
Multiplying (4) by n𝑖   and utilising the identities 𝑛𝑖𝑛𝑖 = 1, 𝑛𝑖𝜕𝑛𝑖 𝜕𝑡⁄ = 0 and 𝑛𝑖𝜕𝑛𝑖 𝜕𝑥𝑗⁄ = 0 
one gets the following expression by considering the summation  implied by repeated indices: 
1
|∇𝑐|
(
𝜕|∇𝑐|
𝜕𝑡
+ v𝑗
𝑐 𝜕|∇𝑐|
𝜕x𝑗
) = −𝑛𝑖v𝑗,𝑖
𝑐 n𝑗  (5)  
The quantity n𝑖v𝑗,𝑖
𝑐 n𝑗 = 𝑎𝑁
𝑐 = 𝑎𝑁 + 𝜕𝑆𝑑 𝜕𝑥𝑁⁄   in eq. 5 is the total strain rate normal to the 
isosurface, 𝑎𝑁 = 𝑛𝑖𝑆𝑖𝑗𝑛𝑗 (where 𝑆𝑖𝑗 = 0.5(𝜕𝑢𝑖 𝜕𝑥𝑗⁄ + 𝜕𝑢𝑗 𝜕𝑥𝑖⁄ ) is the flow strain rate) is the 
flow normal strain rate magnitude and 𝜕𝑆𝑑 𝜕𝑥𝑁⁄  is an additional normal strain rate due to a 
displacement speed gradient component perpendicular to the isosurface [41,45]. The gradient 
of an iso-scalar surface local propagation velocity can be expressed as: 
v𝑗,𝑖
𝑐 =
𝜕v𝑗
𝑐
𝜕x𝑖
=
1
2
(
𝜕v𝑗
𝑐
𝜕x𝑖
+
𝜕v𝑖
𝑐
𝜕x𝑗
) +
1
2
(
𝜕v𝑗
𝑐
𝜕x𝑖
−
𝜕v𝑖
𝑐
𝜕x𝑗
)  
       =  
1
2
(
𝜕𝑢𝑗
𝜕x𝑖
+
𝜕𝑢𝑖
𝜕x𝑗
) +
1
2
(
𝜕𝑢𝑗
𝜕x𝑖
−
𝜕𝑢𝑖
𝜕x𝑗
) +
1
2
(
𝜕S𝑑
𝜕x𝑖
n𝑗 +
𝜕S𝑑
𝜕x𝑗
n𝑖) +
1
2
(
𝜕S𝑑
𝜕x𝑖
n𝑗 −
𝜕S𝑑
𝜕x𝑗
n𝑖)  
          +S𝑑
1
2
(
𝜕n𝑗
𝜕x𝑖
+
𝜕n𝑖
𝜕x𝑗
) + S𝑑
1
2
(
𝜕n𝑗
𝜕x𝑖
−
𝜕n𝑖
𝜕x𝑗
) = 𝑆𝑖𝑗
𝑐 −𝑊𝑖𝑗
𝑐                                    (6)            
`The nomenclature associated with terms on the right side of eq. 6 is summarised in Table 1, 
where the total strain rate and rotation rate tensors are expressed as S𝑖𝑗
𝑐 = 𝑆𝑖𝑗 + S𝑖𝑗
𝑎
 and W𝑗𝑖
𝑐 =
 𝑊𝑗𝑖 +W𝑗𝑖
𝑎  respectively [41,45].  
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Description Term 
Total strain rate tensor S𝑖𝑗
𝑐 = 0.5(𝜕v𝑖
𝑐 𝜕x𝑗⁄ + 𝜕v𝑗
𝑐 𝜕x𝑖⁄ ) 
Total rotation rate tensor W𝑖𝑗
𝑐 = 0.5(𝜕v𝑖
𝑐 𝜕x𝑗⁄ − 𝜕v𝑗
𝑐 𝜕x𝑖⁄ ) 
Flow strain rate tensor S𝑖𝑗 = 0.5 (𝜕u𝑖 𝜕x𝑗⁄ + 𝜕u𝑗 𝜕x𝑖⁄ ) 
Flow rotation rate tensor W𝑖𝑗 = 0.5(𝜕𝑢𝑖 𝜕x𝑗⁄ − 𝜕u𝑗 𝜕x𝑖⁄ ) 
Added strain rate tensor S𝑖𝑗
𝑎 = 0.5[ (𝜕S𝑑 𝜕x𝑗⁄ )n𝑖 + (𝜕S𝑑 𝜕x𝑖)⁄ n𝑗]⏟                      
Space dependence of S𝑑
+ 𝑆𝑑0.5(𝜕n𝑖 𝜕x𝑗⁄ + 𝜕n𝑗 𝜕x𝑖⁄ )⏟                
Propagating curved iso−𝑐
 
Added rotation rate 
tensor 
W𝑖𝑗
𝑎 = 0.5[ (𝜕S𝑑 𝜕x𝑗⁄ )n𝑖 − (𝜕S𝑑 𝜕x𝑖)⁄ n𝑗]⏟                      
Space dependence of S𝑑
+ 𝑆𝑑0.5(𝜕n𝑖 𝜕x𝑗⁄ − 𝜕n𝑗 𝜕x𝑖⁄ )⏟                
Propagating curved iso−𝑐
 
 
Table 1: Nomenclature associated with the velocity gradient tensor 𝑣𝑖,𝑗
𝑐  of an isosurface element.  
 
Using eqs. 4 and 5 one gets: 
 
𝜕n𝑖
𝜕𝑡
+ v𝑗
𝑐 𝜕n𝑖
𝜕x𝑗
= −(𝛿𝑖𝑗 − 𝑛𝑖𝑛𝑗)𝑆𝑗𝑘
𝑐 𝑛𝑘 +𝑊𝑖𝑗
𝑐𝑛𝑗  ;      (7)  
The strain rate 𝑆𝑖𝑗 and rotation rate 𝑊𝑖𝑗 tensors arise due to the fluid motion, and the additional 
strain rate S𝑖𝑗
𝑎
 and rotation W𝑖𝑗
𝑎  rate tensors originate due to the motion of curved isosurfaces 
relative to the flow with spatially dependent S𝑑. The first term on the right side of eq. 7 is the 
projection of the strain vector -Sc·n on a plane perpendicular to 𝒏, whereas the second, 𝑊𝑖𝑗
𝑐𝑛𝑗 =
1
2
𝜀𝑖𝑗𝑘𝜔𝑗
𝑐𝑛𝑘, represents the solid body rotation of 𝐧 with an angular velocity 
1
2
𝛚𝑐 (where 𝛚c =
∇ × 𝐯c = ∇ × 𝐮 + ∇ × (Sd𝐧), 𝛚 = ∇ × 𝐮 is the flow vorticity and 𝛚
𝑎 = ∇ × (Sd𝐧) is the 
additional vorticity). 
 
Derivation of eq. 7 with respect to x𝑖 yields a transport equation for the mean curvature, 
κ𝑚,   [41]: 
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𝜕𝜅𝑚
𝜕𝑡
+ 𝑣𝑗
𝑐  
𝜕𝜅𝑚
𝜕 𝑥𝑗
=
𝑎𝑁(𝑛𝑖,𝑖)
2⏟  
𝑇1
+
1
2
𝜕𝑎𝑁
𝜕𝑥𝑁⏟
𝑇2
−𝑆𝑖𝑗𝑛𝑗,𝑖⏟    
𝑇3
−
1
2
𝜕𝑆𝑖𝑗
𝜕𝑥𝑖
𝑛𝑗⏟    
𝑇4
+
1
2
𝜕𝑊𝑖𝑗
𝜕𝑥𝑖
𝑛𝑗⏟    
𝑇5⏟                            
flow terms
     
                        +  
1
2
𝜕𝑆𝑑
𝜕𝑥𝑁
𝑛𝑖,𝑖⏟    
𝑇6
+
1
2
𝜕2𝑆𝑑
𝜕𝑥𝑁2⏟  
𝑇7
−𝑆𝑖𝑗
𝑎𝑛𝑗,𝑖⏟    
𝑇8
−
1
2
𝜕𝑆𝑖𝑗
𝑎
𝜕𝑥𝑖
𝑛𝑗⏟    
𝑇9
+
1
2
𝜕𝑊𝑖𝑗
𝑎
𝜕𝑥𝑖
𝑛𝑗⏟    
𝑇10⏟                            
added terms
   (8) 
The terms on the right side of the curvature transport equation (eq. 8) can be split into: i) terms 
arising from the fluid flow (𝑇1−5), and ii) terms originating from molecular mixing and 
chemical reaction (𝑇6−10). Positive (negative) contributions of the terms on the right side tend 
to increase the convexity (concavity) of isosurfaces. The physical descriptions of the terms on 
the right side of eq. 8 are summarised in Table 2. 
 
Flow Terms Added Terms 
Terms Contribution Terms Contribution 
𝑻𝟏 due to curvature and flow normal strain 
rate correlation 
𝑻𝟔 due to curvature and added normal 
strain rate correlation 
𝑻𝟐 due to flow normal strain rate normal 
variation 
𝑻𝟕 due to added normal strain rate normal 
variation 
𝑻𝟑 caused by flow stretching  𝑻𝟖 caused by added stretching  
𝑻𝟒 caused by flow strain rate gradients 𝑻𝟗 caused by added strain rate gradients 
𝑻𝟓 caused by flow vorticity curl  𝑻𝟏𝟎 caused by added vorticity curl 
 
Table 2: Description of the various terms in the mean curvature transport eq. 8. 
 
3. NUMERICAL IMPLEMENTATION 
The simulations used for this analysis have been performed using a compressible DNS code 
called SENGA [34,35,46] where the conservation equations of mass, momentum, energy and 
reaction progress variables are solved in non-dimensional form. The spatial discretisation uses 
a 10th order central difference scheme but the order of accuracy gradually drops to a 2nd order 
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one-sided scheme at the non-periodic boundaries. The time-advancement is conducted using a 
low-storage 3rd order Runge-Kutta scheme. The inlet values of flow Reynolds number 𝑅𝑒 =
𝑈𝐵𝐷/𝜈𝑢 based on the bulk inlet velocity 𝑈𝐵, nozzle diameter 𝐷, and the kinematic viscosity in 
the unburned gas 𝜈𝑢, turbulent Reynolds number, 𝑅𝑒𝑡 = 𝑢
′𝑙/𝜈𝑢, normalised root-mean-square 
(rms) turbulent velocity fluctuation, 𝑢′/𝑆𝐿, normalised inlet velocity 𝑈𝐵/𝑆𝐿, longitudinal 
integral length scale to thermal flame thickness ratio, 𝑙/𝛿𝑡ℎ, longitudinal integral length scale 
to nozzle diameter ratio 𝑙/𝐷, Damköhler number, 𝐷𝑎 = 𝑙𝑆𝐿/𝛿𝑡ℎ𝑢′, and Karlovitz number, 
𝐾𝑎 = (𝑢′/𝑆𝐿)
3/2(𝑙/𝛿𝑡ℎ)
−1/2 are given in Table 3. These cases are taken from a large database 
involving 24 Bunsen flames [39] and 5 weakly turbulent (i.e. small values of 𝑢′/𝑆𝐿) cases have 
been chosen for the current analysis so that the effects of DL instability are clearly evident 
because turbulence acts to eclipse the effects of DL instability for large values of 𝑢′/𝑆𝐿. 
Turbulent inflow data has been generated using a modified version of the digital filtering 
approach. A detailed description can be found in Klein et al. [34].  
 
Case 𝑷/𝑷𝟎 𝑹𝒆𝑫 𝑹𝒆𝒕 𝑼𝑩/𝑺𝑳 𝒖𝒊𝒏𝒍𝒆𝒕
′ /𝑺𝑳 𝒍/𝜹𝒕𝒉 𝒍/𝑫 𝑲𝒂 𝑫𝒂 
A 1.0 399 13.30 6.0 1.0 5.20 1/5 0.45 5.00 
B 5.0 892 29.26 6.0 1.0 11.40 1/5 0.30 11.36 
C 10.0 1262 41.22 6.0 1.0 16.13 1/5 0.25 16.13 
D 1.0 399 41.22 6.0 3.1 5.20 1/5 2.40 1.61 
E 1.0 399 41.22 6.0 1.0 16.13 3/5 0.25 16.14 
 
Table 3: Attributes of inlet turbulence for the cases considered here 
 
The current analysis considers a generic single-step Arrhenius type irreversible chemical 
mechanism for the purpose of computational economy due to the demands of flame resolution 
at high pressures. It is evident from Eq. 8 that curvature transport depends mainly on the 
statistics of fluid velocity/vorticity, scalar gradient and displacement speed. It has been 
demonstrated in the past clearly and without any doubt that displacement speed statistics from 
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simple chemistry [17,18,23,25,32] and detailed chemistry [11-16] DNS are qualitatively 
similar. The same is true for the statistics of the reactive scalar gradient obtained from simple 
chemistry [31,32,47] and detailed chemistry [24,47] DNS. Moreover, the vorticity and sub-
grid flux statistics obtained from simple chemistry DNS [48-50] are found to be qualitatively 
consistent with those obtained from detailed chemistry DNS [51,52]. Furthermore, it has been 
found that models developed based on simple chemistry data [50,53,54] perform equally well 
in the context of detailed chemistry and transport [52,55,56]. The focus of the present work is 
neither ignition nor emissions but on fundamental turbulence/chemistry interaction and this can 
be captured at least in a qualitative sense with the help of simple chemistry. Finally it is 
important to understand, that laminar burning velocity and flame thickness typically (i.e. in 
hydrocarbon-air mixtures) decrease with increasing pressure and thus flame resolution for a 
fixed geometry (as in this work) becomes a real challenge for high pressure DNS and nearly 
impossible in the context of detailed chemistry and transport.  Often DNS studies are done for 
statistically planar flames in a box and the computational domain shrinks with increasing 
pressure [57]. In this sense the present configuration is a relatively complex geometry for high-
pressure combustion. 
 
It can be seen from Table 3 that cases A, D and E are atmospheric flames with 𝑃 = 𝑃0= 1.0 
bar, whereas cases B and C are flames corresponding to 𝑃 = 5𝑃0 =5 bar and 𝑃 = 10𝑃0 = 10 
bar respectly. In the context of a simple chemical mechanism, the pre-exponential factor and 
kinematic viscosity have been altered to account for the desired pressure dependence of 
𝑆𝐿, 𝛿𝑡ℎ, 𝜈 as discussed in section 1.  The heat release parameter, 𝜏 = (𝑇𝑎𝑑 − 𝑇0)/𝑇0, and the 
Zel’dovich number, 𝛽 = 𝑇𝑎𝑐(𝑇𝑎𝑑 − 𝑇0)/𝑇𝑎𝑑
2 , are taken to be 4.5 and 6.0, respectively, where 
𝑇𝑎𝑐 is the activation temperature. Standard values of Prandtl number (𝑃𝑟 = 0.7) and ratio of 
specific heats (𝛾𝑔 = 1.4) have been used.  
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Table 3 shows that cases A-C have identical inlet values of 𝑢′/𝑆𝐿, 𝑈𝐵/𝑆𝐿 and 𝑙/𝐷, but the 
values of 𝑅𝑒𝑡, 𝐷𝑎 and 𝐾𝑎 are different. The cases A-C and E fall on the boundary of the 
wrinkled and the corrugated flamelets regimes according to the combustion diagram of Peters 
[44]. The turbulent Reynolds number 𝑅𝑒𝑡 increases from case A to case C. Furthermore, Table 
3 shows that cases C, D and E have same values of 𝑅𝑒𝑡 but cases D and E have one tenth of 
the pressure of that of case C. The value of 𝑢′/𝑆𝐿 is higher in case D than in case C and E, 
whereas 𝑢′/𝑆𝐿 and 𝑙/𝛿𝑡ℎ values are exactly the same for cases C and E and thus they fall on 
the same point on the regime diagram. The simulation domain is taken to be 2𝐷 × 2𝐷 × 2𝐷 
corresponding to a cube of 50 𝛿𝑡ℎ × 50 𝛿𝑡ℎ × 50 𝛿𝑡ℎ [112 𝛿𝑡ℎ × 112 𝛿𝑡ℎ × 112 𝛿𝑡ℎ] 
(159 𝛿𝑡ℎ × 159 𝛿𝑡ℎ × 159 𝛿𝑡ℎ) for cases A, D and E [case B] (case C), which is discretised 
using a uniform Cartesian grid of 250×250×250 [560×560×560] (795×795×795) points. The 
grid used here ensures resolution of both the Kolmogorov length scale and flame thickness.  
 
The boundary opposite to the inlet and lateral boundaries are considered to be partially non-
reflecting and they are specified according to the Navier Stokes Characteristic Boundary 
Conditions (NSCBC) technique [58]. The reacting scalar field is initialised by an unstrained 
premixed laminar flame solution with the geometry of a hemisphere located at the inflow with 
its centre coinciding with that of the nozzle. The mean velocity profile after the nozzle exit has 
been approximated by a “hyperbolic-tangent like” distribution. The velocity fluctuations are 
constant within the nozzle core and damped to zero within the boundary layer. The choice of 
the velocity fluctuation profile is motivated by the experimental configuration of Kobayashi et 
al. [59], where perforated plates are uses as turbulence generators. Further information on the 
numerical implementation of the inlet boundary condition can be found in Refs. [34, 35, 39]. 
The statistics presented in this paper have been extracted after twice the mean residence time 
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(i.e., 2𝐿/𝑈𝑚𝑒𝑎𝑛, where 𝐿 is the axial length of the simulation domain) and at least 10 different 
realisations have been considered to extract curvature statistics reported in the next section. 
 
4. RESULTS & DISCUSSION 
4.1 Curvature characterisation 
The isosurface of the reaction progress variable 𝑐 = 0.8 coloured by normalised Gauss 
curvature 𝜅𝑔 × 𝛿𝑡ℎ
2 = 𝜅1𝜅2 × 𝛿𝑡ℎ
2  (left) and mean curvature 𝜅𝑚 × 𝛿𝑡ℎ = 0.5(𝜅1 + 𝜅2) × 𝛿𝑡ℎ 
(right) for cases A-E are shown in Fig. 1 which depicts a likelihood of finding concave flame 
elements much higher than that of convex flame surfaces. High-pressure flames, B and C, are 
characterised by small magnitudes of 𝜅𝑚, namely, flat and locally concave and convex patches 
of the isosurface. Small magnitudes of 𝜅𝑔 predominate for cases B and C, showing mainly 
parabolic tile-like patches, with a low presence of elliptic (cup) and hyperbolic (saddle) 
elements both concave and convex. Parabolic, elliptic and hyperbolic patches are equally 
probable for flames A and E at atmospheric pressure, while for case D elliptic and hyperbolic 
surface elements dominate. Differences between the flame surface geometries for cases A-E 
and D should be attributed mainly to differences in inlet 𝑢′/𝑆𝐿, which also imply different 
Karlovitz and Damköhler numbers. 
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Figure 1: Instantaneous isosurfaces of reaction progress variable 𝑐 = 0.8 colored by 𝜅𝑔 × 𝛿𝑡ℎ
2  
(left)  and 𝜅𝑚 × 𝛿𝑡ℎ (right) for cases A-E (1
st -5th row). 
 
It is worth noting that the surface colour represents normalised curvature values (i.e., 𝜅𝑔 × 𝛿𝑡ℎ
2  
(left) and 𝜅𝑚 × 𝛿𝑡ℎ (right)) and hence agrees qualitatively but not necessarily with the visual 
impression of flame wrinkling because the flame thickness 𝛿𝑡ℎ changes with pressure (i.e., 
𝛿𝑡ℎ~𝑃
−0.5
). The PDFs of 𝜅𝑚 × 𝛿𝑡ℎ for the 𝑐 = 0.5 isosurface are exemplarily shown in Fig. 2. 
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It can be seen from Fig. 2 that the curvature PDFs for the 𝑐 = 0.5 isosurface are skewed towards 
negative values of 𝜅𝑚, with long tails for 𝜅𝑚 < 0 and a qualitatively similar behaviour has 
been observed for other 𝑐 isosurfaces. However, it is worth noting that the flame geometry has 
an additional contribution to the negative values of mean curvature. Although all cases show 
predominance of negative curvatures, the PDFs of 𝜅𝑚 display broader distribution in case D 
than in the other flames, due to greater extent of flame wrinkling in this case as a result of the 
highest inlet rms velocity 𝑢′ amongst the cases considered here. The skewnesses of the these 
𝜅𝑚 PDFs for cases A-E are given by  -0.80,-1.31,-1.58,-0.33,-0.72 [39]. While the PDFs of 
curvature for cases A-C and E show considerable negative skewness, their peak value shifts 
toward slightly positive 𝜅𝑚 for the high pressure case C with greater negative skewness in 
comparison to low pressure flames A, D and E. It has been discussed elsewhere [38,39] that 
large negative skewness of the PDFs of 𝜅𝑚 in the high-pressure cases B and C is indicative of 
the D-L instability. This can further be discerned from a visual inspection of Fig. 1 where 
sharply negatively curved flame elements are visible between moderately positively curved 
bulges in case C and to a smaller extent in case B. These sharply curved elements between 
positively curved bulges in cases B and C are manifestations of the D-L instability in these 
high-pressure flames. These positive bulges shift the PDF peak right for both cases B and C. 
In cases A and E the negative skewness of curvature is the artefact of the burner configuration 
(note that even a laminar Bunsen flame is characterised by negative skewness) and Huygens 
propagation. Interested readers are referred to Ref. [39] for further information on curvature 
skewness and D-L instability in these flames.  
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Figure 2: PDFs of 𝜅𝑚 × 𝛿𝑡ℎ on 𝑐 =0.5 isosurface for cases A-E. 
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Figure 3: Joint pdf (coloured from blue to dark red) between normalised curvature  𝜅𝑚 × 𝛿𝑡ℎ 
and normalised Gauss curvature 𝜅𝑔 × 𝛿𝑡ℎ
2  for 𝑐 = 0.3, 0.5, 0.7 and 0.9 (1st -4th column) 
isosurfaces for cases A-E (1st -5th row). 
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The joint PDF for 𝜅𝑔 × 𝛿𝑡ℎ
2  and 𝜅𝑚 × 𝛿𝑡ℎ for different 𝑐 isosurfaces across the flame are shown 
in Fig. 3. In the 𝜅𝑚 − 𝜅𝑔 plane, complex non-physical curvatures are obtained for the region 
𝜅𝑔 > 𝜅𝑚
2 . The region 𝜅𝑚 > 0 (𝜅𝑚 < 0) and 𝜅𝑔 > 0 represents cup convex (cup concave) flame 
topology, whereas 𝜅𝑚 > 0 (𝜅𝑚 < 0) and 𝜅𝑔 < 0 corresponds to saddle convex (saddle 
concave) flame topology. The combination of 𝜅𝑚 > 0 (𝜅𝑚 < 0) and 𝜅𝑔 = 0 is representative 
of tile convex (tile concave) flame topology. The probability of finding 𝜅𝑚 < 0 dominates over 
the probability of obtaining 𝜅𝑚 > 0 for all Bunsen cases considered here. The concave cup 
topology (i.e., 𝜅𝑚 < 0, 𝜅𝑔 > 0) is predominantly obtained for all cases. Furthermore, flat 
surface topologies (i.e., 𝜅𝑚 ≈ 0 and 𝜅𝑔 ≈ 0) are the most probable ones.  The peak value of 
the 𝜅𝑚 − 𝜅𝑔 joint PDF is obtained for slightly positive values of 𝜅𝑚 for cases B and C, which 
is consistent with the marginal PDFs of 𝜅𝑚 for these cases (see Fig. 2). The probability of 
finding saddle concave topology remains relatively small for cases A, D and E but cases B and 
C show significant occurrence of locally concave saddle patches. The probability of finding 
negatively curved elements is higher in case C than in cases A, D and E due to the presence of 
the D-L instability, which is reflected in the higher probability of finding saddle concave 
topologies in case C. The same explanation holds true for the higher presence of saddle concave 
topologies in case B than in flames A, D and E, but the effects of hydrodynamic instabilities 
are less prominent in case B than in case C. The flame D has the highest 𝑢′/𝑆𝐿 and a 
characteristic chemical time 2.40 times the Kolmogorov time micro-scale; it represents the thin 
reaction zone combustion regime, where energetic turbulent eddies cause significant flame 
distortions. This eventually gives rise to significant probabilities of finding both cup concave 
and cup convex topologies in case D. Furthermore, the large extent of flame distortion in case 
D is reflected in the highest probability of obtaining locally positive curvature values and cup 
convex topologies amongst the cases considered here.  
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The budgets of the various terms in the curvature transport equation conditional on 𝑐 will be 
discussed in the next section. Based on this analysis, it is possible to judge the magnitude of 
the different terms of the curvature transport equation and to identify the terms which possibly 
balance each other. Beside this, another focus of this paper is to establish a relation between 
the terms of the curvature transport equation and flame instabilities that might occur under 
certain conditions. It will be therefore instructive to analyse the terms 𝑇1, … , 𝑇10 conditional on 
mean curvature in subsection 4.5. Only by this additional representation it becomes possible to 
understand if positive or negative flame curvature elements behave neutral, are damped or 
possibly amplified in the presence of flame instabilities. 
 
4.2 Flow-induced source/sink terms of the curvature transport equation 
The normalised mean values of the flow terms (𝑇1−5 × 𝛿𝑡ℎ
2 /𝑆𝐿) in the curvature transport 
equation, conditional upon 𝑐, for flames A-E are shown in Figs. 4a-e. Both qualitative and 
quantitative behaviours of the terms of the curvature transport equation do not change with 
axial distance from the nozzle outlet and thus are not shown for the purpose of brevity. Hence, 
samples for these figures are taken over the whole flame.  
 
The term 𝑇1, arising from the correlation between normal strain rate and mean curvature, 
assumes small negative values throughout the flame front. It has been shown elsewhere [34] 
that the normal strain rate 𝑎𝑁 exhibits positive values throughout the flame front, whereas the 
mean value of 𝜅𝑚 remains negative with small magnitude due to the flame configuration in 
Bunsen burner flames. The correlation between 𝑎𝑁 and 𝜅𝑚 remains weak throughout the flame 
for the cases considered here [34] and, thus, the combination of predominantly positive 𝑎𝑁 and 
negative 𝜅𝑚 yields negative mean values of 𝑇1 in cases A-E.  
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                                             (a) 
 
                                             (b) 
 
                                             (c) 
 
                                             (d) 
 
    (e) 
 
Figure 4: Profiles of the normalised mean values of the fluid flow induced terms (i.e. 𝑇1−5 ×
𝛿𝑡ℎ
2 /𝑆𝐿) of the curvature transport equation conditional upon 𝑐  for cases (a-e) A-E. 
 
 
The mean value of 𝑇2 × (𝛿𝑡ℎ
2 /𝑆𝐿) = [(𝜕𝑎𝑁/𝜕𝑥𝑁)/2]/(𝛿𝑡ℎ
2 /𝑆𝐿), due to the normal derivative 
of the flow normal strain rate, remains negative on the unburnt side but becomes positive 
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towards the burned gas side of the flame. For cases A-E, the mean normal strain rate 𝑎𝑁 remains 
positive throughout the flame and assumes a maximum at a location slightly skewed towards 
the burned gas side of the flame. This leads to predominance of (𝜕𝑎𝑁 𝜕𝑥𝑁⁄ ) < 0 on the 
unburned gas side, whereas this behaviour reverses (i.e., (𝜕𝑎𝑁 𝜕𝑥𝑁⁄ ) > 0 ) on the burned gas 
side of the flame. Accordingly, 𝑇2 exhibits positive (negative) mean values towards the burned 
(unburned) gas side of the flame front.   
 
The mean value of the flow stretching term, 𝑇3 × (𝛿𝑡ℎ
2 /𝑆𝐿) = −(𝑆𝑖𝑗𝑛𝑗,𝑖)(𝛿𝑡ℎ
2 /𝑆𝐿), has been 
found to be positive for all cases considered here but the magnitude of the mean value of 𝑇3 
remains small in comparison to that of 𝑇2 × (𝛿𝑡ℎ
2 /𝑆𝐿). Should (𝑥𝑇1, 𝑥𝑇2) be the local principal 
axes of curvature, tangential to a given 𝑐 isosurface, the flow stretching term can be expressed 
as 𝑇3 = −(𝑆11𝜅1 + 𝑆22𝜅2), with 𝑆11 and 𝑆22  being the tangential strain rates along axes 𝑥𝑇1 
and 𝑥𝑇2, respectively, and 𝜅1 and 𝜅2 the principal curvatures. The mean tangential strain rate 
𝑎𝑇 = 𝑆11 + 𝑆22 remains positive throughout the flame for this study. A positive value of 𝑇3 is 
obtained for a combination of elliptic and hyperbolic scalar topologies [1]. As an example, one 
obtains 𝑇3 > 0 for a combination of 𝑆11 > 0 and 𝑆22 > 0 for an elliptic concave structure (𝜅1 <
0 and 𝜅2 < 0).  It has been shown elsewhere [34] that the magnitude of positive mean of 
normalised tangential strain rate 𝑎𝑇 × 𝛿𝑡ℎ/𝑆𝐿 is the highest in case D, with large values of both 
𝑢′/𝑆𝐿 and Ka (see Ref. [34] for a physical explanation). The likelihood of obtaining large 
magnitudes of 𝑆11 and/or 𝑆22 and the negative mean curvature of the Bunsen flame (i.e. mean 
value of (𝜅1 + 𝜅2) is negative) lead to the large magnitudes of the mean contribution of 𝑇3 ×
(𝛿𝑡ℎ
2 /𝑆𝐿) in case D and it plays a relatively significant role in the curvature budget in this case.  
 
The term 𝑇4 × (𝛿𝑡ℎ
2 /𝑆𝐿) = −{[(𝜕𝑆𝑖𝑗/𝜕𝑥𝑖)𝑛𝑗]/2}(𝛿𝑡ℎ
2 /𝑆𝐿), conditional upon 𝑐, opposes 𝑇2 ×
(𝛿𝑡ℎ
2 /𝑆𝐿), and they almost balance each other. This means that the two vectors with components  
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𝑛𝑗  and 𝜕𝑆𝑖𝑗/𝜕𝑥𝑖 point in the opposite direction within the flame and towards the burned gas 
side due to flame normal acceleration, but are directed in the same directions on the unburned 
side of the flame due to flow divergence ahead of the flame.  
 
The mean contribution to the curvature generation due to vorticity gradients, 𝑇5 × (𝛿𝑡ℎ
2 /𝑆𝐿) =
{[(𝜕𝑊𝑖𝑗/𝜕𝑥𝑖)𝑛𝑗]/2}(𝛿𝑡ℎ
2 /𝑆𝐿), can alternatively be expressed as 𝑇5 = {[𝑛𝑖𝜀𝑖𝑗𝑘(𝜕𝜔𝑘/𝜕𝑥𝑗)]/
4}(𝛿𝑡ℎ
2 /𝑆𝐿). Using the local principal axes (𝑥𝑇1, 𝑥𝑇2, 𝑥𝑁), 𝑇5 can be expressed as 𝑇5 =
(𝜕𝜔2/𝜕𝑥1 − 𝜕𝜔1 𝜕𝑥2⁄ )/4 for 𝒏 = (0,0,1), with 𝜔1 and 𝜔2 being the vorticity components 
along the principal axes of curvature, tangent to the 𝑐 isosurface. Thus, co-rotating parallel 
vortices of different intensity and counter-rotating parallel vortices of the same intensity can 
curve a planar local isosurface element, leading to positive or negative curvatures. For the cases 
considered here, the mean value of 𝑇5 remains negligible in comparison to those of 𝑇2 and 𝑇4.  
 
4.3 Flame propagation induced source/sink terms of the curvature transport equation 
The normalised mean values of the various additional terms (𝑇6−10 × 𝛿𝑡ℎ
2 /𝑆𝐿) in eq. (8), 
conditional upon 𝑐, for cases A-E are plotted in Figs. 5a-e. The mean value of (𝜕𝑆𝑑 𝜕𝑥𝑁⁄ ) for 
all cases A-E remains negative for most of the flame front and this quantity correlates weakly 
with local flame curvature 𝜅𝑚 = 𝑛𝑖,𝑖/2. The predominance of negative values of (𝜕𝑆𝑑 𝜕𝑥𝑁⁄ ) 
and weak negative 𝜅𝑚 gives rise to weak positive mean value of 𝑇6 × (𝛿𝑡ℎ
2 /𝑆𝐿) =
{(𝜕𝑆𝑑 𝜕𝑥𝑁⁄ )𝑛𝑖,𝑖 2⁄ }(𝛿𝑡ℎ
2 /𝑆𝐿).  It has been shown [34] that the mean values of 𝑎𝑁 and 
(𝜕𝑆𝑑 𝜕𝑥𝑁⁄ ) are almost equal and opposite. Thus, the mean contributions of 𝑇1 and 𝑇6 depict 
opposite trends.  
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                                             (b) 
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                                             (d) 
 
    (e) 
Figure 5: Profiles of the normalised mean values of the flame propagation induced terms (i.e. 
𝑇6−10 × 𝛿𝑡ℎ
2 /𝑆𝐿) of the curvature transport equation conditional upon 𝑐  for cases (a-e) A-E. 
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The term 𝑇7 × (𝛿𝑡ℎ
2 /𝑆𝐿) = [(𝜕
2𝑆𝑑/𝜕𝑥𝑁
2)/2](𝛿𝑡ℎ
2 /𝑆𝐿) originates from the flame normal 
derivative of the added normal strain rate. The mean variation of 𝜕𝑆𝑑/𝜕𝑥𝑁, conditioned upon 
𝑐, has been shown for cases A-E in Ref. [34] and is not repeated here. The mean value of 
𝜕𝑆𝑑/𝜕𝑥𝑁 decreases from the unburned gas and reaches a minimum before increasing towards 
the burned gas side. This gives rise to positive mean value of 𝑇7 = [(𝜕
2𝑆𝑑/𝜕𝑥𝑁
2)/2] towards 
the unburned gas side but the mean contribution of 𝑇7 becomes negative towards the burned 
gas side of the flame front.  
 
The mean contribution due to the added stretching term, 𝑇8 × (𝛿𝑡ℎ
2 /𝑆𝐿) = −(𝑆𝑖𝑗
𝑎𝑛𝑗,𝑖)(𝛿𝑡ℎ
2 /𝑆𝐿), 
takes negative values throughout the flame for all cases. The magnitude of 𝑇8 remains smaller 
than that of 𝑇7 for flames A-C and E, but the relative contribution of 𝑇8 is significant in case 
D. The term 𝑇8 can be expressed as 𝑇8 = −𝑆𝑑(𝜅1
2 + 𝜅2
2) using the local principal axes 
(𝑥𝑇1, 𝑥𝑇2, 𝑥𝑁) and 𝒏 = (0,0,1). This explains the predominant negative values of 𝑇8 in the 
flame front. Case D represents the thin reaction zones regime of combustion and thus the 
correlation between 𝑆𝑑 and curvature, for large values of both 𝑢
′/𝑆𝐿 and 𝐾𝑎, leads to a 
relatively more important role of 𝑇8 than in the flames belonging to the wrinkled flamelet and 
corrugated flamelet regimes (e.g. cases A-C and E).      
              
The second derivatives of 𝑆𝑑 and of 𝑛𝑖 and cross products of the gradients of 𝑆𝑑 and the 
curvature tensor determine the mean contributions due to 𝑇9 × (𝛿𝑡ℎ
2 /𝑆𝐿) = −{[(𝜕𝑆𝑖𝑗
𝑎/𝜕𝑥𝑖)𝑛𝑗]/
2}(𝛿𝑡ℎ
2 /𝑆𝐿) and 𝑇10 × (𝛿𝑡ℎ
2 /𝑆𝐿). The mean contribution of 𝑇9 assumes negative (positive) 
values towards the unburned (burned) gas side of the flame, whereas the magnitude of the mean 
contribution of 𝑇10 remains negligible in comparison to that of 𝑇9. 
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Figure 6: Profiles of normalised mean values of flow contributions (𝑇1 +⋯+ 𝑇5) × (𝛿𝑡ℎ
2 /𝑆𝐿), 
the flame propagation induced contributions (𝑇6 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) and the total 
contribution (𝑇1 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) to the curvature transport, conditioned on the reaction 
progress variable 𝑐 for cases (a-e) A-E. 
 
  (a)                                                                                                   (b) 
 
  (c)                                                                                                   (d) 
 
  (e) 
26 
 
4.4 Overall behaviour of the terms in the curvature transport equation 
Figs. 4 and 5 reveal that the terms 𝑇2, 𝑇4, 𝑇7, 𝑇8 and 𝑇9 are the leading order contributors to the 
curvature budgets for all cases. It is worth noticing that the contributions of 𝑇4 and 𝑇9 oppose 
those of 𝑇2 and 𝑇7, respectively. The normalised mean values of flow contributions 
(𝑇1 +⋯+ 𝑇5) × (𝛿𝑡ℎ
2 /𝑆𝐿), the added contributions (𝑇6 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) and the total 
contribution (𝑇1 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) to the curvature evolution, conditioned on the reaction 
progress variable, 𝑐, are shown in Fig. 6. It is apparent that the net contribution of the additional 
terms, due to flame propagation, (𝑇6 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿), dominates over the flow 
sources/sinks, which is consistent with previous findings [41, 42]. The mean contributions of 
(𝑇6 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) and (𝑇1 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) remain negative and close to each 
other throughout the flame front for the elevated pressure cases (B and C) and also for the 
atmospheric pressure flame D, which represents the thin reaction zones regime; for flames B-
D the net flow contribution (𝑇1 +⋯+ 𝑇5) × (𝛿𝑡ℎ
2 /𝑆𝐿) remains mostly positive.. However, for 
the atmospheric cases A and E, the mean value of (𝑇6 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) assumes positive 
values in some regions within the flame, in spite of exhibiting mostly negative values in the 
major part of the flame front.   
 
4.5 Relations of the terms of the curvature transport equation with local curvature 
The mean flow (𝑇1−5) and added contributions (𝑇6−10) to the curvature transport, conditioned 
upon the normalised curvature 𝜅𝑚𝛿𝑡ℎ, are shown for 𝑐 = 0.8 isosurface in Figs. 7 and 8, 
respectively. 
  
27 
 
 
                                             (a) 
 
                                             (b) 
 
                                             (c) 
 
                                             (d) 
 
    (e) 
 
 
Figure 7: Profiles of the normalised mean values of the fluid flow induced terms (i.e. 𝑇1−5 ×
𝛿𝑡ℎ
2 /𝑆𝐿) of the curvature transport equation conditional upon normalised curvature 𝜅𝑚 × 𝛿𝑡ℎ  
on 𝑐 = 0.8 isosurface for cases (a-e) A-E. 
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                                             (a) 
 
                                             (b) 
 
                                             (c) 
 
                                             (d) 
 
    (e) 
 
 
Figure 8: Profiles of the normalised mean values of the flame propagation induced terms (i.e. 
𝑇6−10 × 𝛿𝑡ℎ
2 /𝑆𝐿) of the curvature transport equation conditional upon normalised curvature 
𝜅𝑚 × 𝛿𝑡ℎ  on 𝑐 = 0.8 isosurface for cases (a-e) A-E. 
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It is worth noting that the 𝑐 = 0.8 isosurface is chosen because the reaction rate ?̇?𝑐 attains its 
maximum value close to this value of 𝑐, and thus the 𝑐 = 0.8 isosurface can be considered as 
representative of the flame surface for this analysis following several previous studies [17-
21,23,24,28]. The mean values of all the terms conditional on 𝜅𝑚 vanish   for both large positive 
and negative magnitudes of 𝜅𝑚. As a rule, in Figs. 7 and 8 the positive contributions of the 
terms in the positively curved patches tend to increase the convexity of the flame, whereas the 
negative contributions of the terms act to reduce the convexity at 𝜅𝑚 > 0. By the same token, 
the positive contributions of the terms in the negatively curved surface elements tend to 
decrease the concavity of the flame, whereas negative contributions act to increase the 
concavity at 𝜅𝑚 < 0. 
 
The mean values of 𝑇1 = [(𝑎𝑁𝑛𝑖,𝑖)/2] in Fig. 7 shows mostly negative value for negative 
curvatures, but a small increasing trend with an increase in 𝜅𝑚 is observed for all cases 
considered here. As 𝑎𝑁 is predominantly positive, the variation of 𝑇1 is determined by curvature 
𝜅𝑚 = 𝑛𝑖,𝑖/2 because the correlation between 𝑎𝑁 and 𝜅𝑚 remains weak in these flames [34]. 
The mean value of 𝑇2 conditional on curvature exhibits positive values for cases A-E, which is 
consistent with positive conditional mean values of 𝑇2 for 𝑐 = 0.8 in Fig. 4. The mean values 
of the flow stretching term 𝑇3 = −(𝑆𝑖𝑗𝑛𝑗,𝑖), conditional on curvature 𝜅𝑚, exhibits positive 
values, with maxima at highly negative curvatures, in all cases A-E, and decreases with 
increasing curvature for 𝜅𝑚𝛿𝑡ℎ ≥ −1.5. The mean value of 𝑇4, conditioned on curvature, 
assumes negative values, which is consistent with negative conditional mean values of  𝑇4 for 
𝑐 = 0.8 in Fig. 4. The mean value of 𝑇5 conditioned on curvature remains negligible for all 
cases.   
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The mean contribution of the additional normal strain rate term, 𝑇6 = {(𝜕𝑆𝑑 𝜕𝑥𝑁⁄ )𝑛𝑖,𝑖 2⁄ }, 
conditioned on curvature, assumes negligible values. The mean value of the term 𝑇7 due to 
flame normal gradient of the added normal strain rate, conditioned on curvature, is also 
negligible in comparison to the leading order contributions of 𝑇8 and 𝑇9 for all flames. The 
mean contribution due to the added stretching term, 𝑇8 = −(𝑆𝑖𝑗
𝑎𝑛𝑗,𝑖), remains negative for all 
cases. It has already been discussed that 𝑇8 can be approximated as 𝑇8 = −𝑆𝑑(𝜅1
2 + 𝜅2
2) in the 
coordinates aligned with principal axes of curvature, which suggests a cubic curvature 
dependence of 𝑇8 due to curvature dependence of displacement speed 𝑆𝑑  (i.e., a negative 
correlation between 𝑆𝑑 and 𝜅𝑚 in these cases) [11-21,34]. The mean contribution of the term 
𝑇9 due to the added strain rate gradients, conditional upon curvature 𝜅𝑚, assume large positive 
values in all cases considered here. The mean value of the added vorticity curl contribution, 
𝑇10, conditional upon 𝜅𝑚 remains negligible in all these cases.  
 
The normalised mean values of flow contributions (𝑇1 +⋯+ 𝑇5) × (𝛿𝑡ℎ
2 /𝑆𝐿), the flame 
propagation induced contributions (𝑇6 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) and the total contribution 
(𝑇1 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) to the curvature transport, conditioned on the curvature 𝜅𝑚 value, 
on the 𝑐 = 0.8 isosurface are shown in Figs. 9a-e for cases A-E respectively. It can be seen 
from Fig. 9 that the magnitude of the mean value of the total flow contributions (𝑇1 +⋯+ 𝑇5) 
remains smaller than that of the average additional terms, induced by the flame propagation, 
(𝑇6 +⋯+ 𝑇10), in all cases. This is consistent with the observations made previously on Fig. 
6 and with previous findings [41, 42]. It can further be seen from Figs. 9a-e that the net mean 
contributions of (𝑇6 +⋯+ 𝑇10) and (𝑇1 +⋯+ 𝑇10) assume negative values for highly 
negative curved elements. However, the large negative mean contributions of (𝑇6 +⋯+ 𝑇10) 
and (𝑇1 +⋯+ 𝑇10) for flame D at highly curved convex patches are much greater in magnitude 
than those observed for highly concave elements. The opposite is apparent in cases A-C and E.  
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                                             (b) 
 
                                             (c) 
 
                                             (d) 
 
    (e) 
 
Figure 9: Profiles of normalised mean values of flow contributions (𝑇1 +⋯+ 𝑇5) × (𝛿𝑡ℎ
2 /𝑆𝐿), 
the flame propagation induced contributions (𝑇6 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) and the total 
contribution (𝑇1 +⋯+ 𝑇10) × (𝛿𝑡ℎ
2 /𝑆𝐿) to the curvature transport conditional upon 
normalised curvature 𝜅𝑚 × 𝛿𝑡ℎ  on 𝑐 = 0.8 isosurface for cases (a-e) A-E. 
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Moreover, the magnitude of negative mean contributions of (𝑇6 +⋯+ 𝑇10) and (𝑇1 +⋯+
𝑇10) at the negatively curved location is the highest in case C. This suggests that negatively 
curved zones are more likely to occur in Bunsen flames because of their inherent configuration 
(i.e. where flame has a negative mean curvature determined by the flow configuration) and 
they are promoted because of negative net mean contribution of (𝑇1 +⋯+ 𝑇10). Furthermore, 
flame propagation effects act to reduce the convexity at the positively curved bulges in these 
flames in a mean sense but this does not preclude the occurrences of locally positively curved 
bulges because of the prevailing conditions in terms of local flame-turbulence interaction. 
Figure 9 indicates that sharply curved locations with large negative curvatures and moderately 
positively curved bulges are likely to be obtained in case C, which is consistent with the 
presence of the D-L instability in this flame. This also leads to negative skewness of PDF of 
mean curvature in the cases where the effects of the D-L instability are strong [39]. The 
curvature dependence of displacement speed 𝑆𝑑 is expected to be stronger in case D than in 
cases A-C and E because case D belongs to the thin reaction zones regime of combustion [44]. 
Thus, the local displacement speed can assume locally negative values in highly positive 
curved locations [11-21,34] in case D and this severely limits the possibility of forming 
wrinkles with large positive curvature magnitudes. This is reflected in the high negative mean 
contributions of (𝑇6 +⋯+ 𝑇10) and (𝑇1 +⋯+ 𝑇10) at the positively curved locations in case 
D.  
 
The mean values of 𝑇1−5 × (𝛿𝑡ℎ
2 /𝑆𝐿) conditional on 𝜅𝑚 × 𝛿𝑡ℎ and 𝜅𝑔 × 𝛿𝑡ℎ
2  for cases A, C, D 
and E are shown Fig. 10 for 𝑐 = 0.8 isosurface. The corresponding variations of 𝑇6−10 ×
(𝛿𝑡ℎ
2 /𝑆𝐿) conditional on 𝜅𝑚 × 𝛿𝑡ℎ and 𝜅𝑔 × 𝛿𝑡ℎ
2  for these cases for the 𝑐 = 0.8 isosurface are 
shown in Fig. 11. Case B is not shown in Figs. 10 and 11 for its qualitative similarity with case 
C.  
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Figure 10: Variations of the mean values of 𝑇1−5 × (𝛿𝑡ℎ
2 /𝑆𝐿) (1
st -5th row) conditional on 𝜅𝑚 ×
𝛿𝑡ℎ and 𝜅𝑔 × 𝛿𝑡ℎ
2  for cases A, C, D and E (1st -4th column) for 𝑐 = 0.8 isosurface. 
  
                         Case A                                        Case C                                          Case D                                        Case E 
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Figure 11: Variations of the mean values of 𝑇6−10 × (𝛿𝑡ℎ
2 /𝑆𝐿) (1
st -5th row) conditional on 𝜅𝑚 ×
𝛿𝑡ℎ and 𝜅𝑔 × 𝛿𝑡ℎ
2  for cases A, C, D and E (1st -4th   column) for 𝑐 = 0.8 isosurface. 
  
                         Case A                                        Case C                                          Case D                                        Case E 
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 It is evident from Figs. 10-11 that the distribution is mostly concentrated for negative values 
of 𝜅𝑚.  Figures 10-11 show that the high magnitudes of the mean values of 𝑇1−10 are obtained 
for negative curvature values especially for saddle concave (i.e. 𝜅𝑚 < 0 and 𝜅𝑔 < 0) and tile 
concave (i.e. 𝜅𝑚 < 0 and 𝜅𝑔 = 0) flame topologies. The large magnitudes of 𝑇1−10 × (𝛿𝑡ℎ
2 /𝑆𝐿) 
for negative curvature locations are consistent with the findings in Figs. 7 and 8. However, the 
tendency of obtaining large magnitudes of the mean values of 𝑇1−10 for saddle concave (i.e. 
𝜅𝑚 < 0 and 𝜅𝑔 < 0) flame topologies is particularly strong for case C. The probability of 
finding negative principal curvature increases in case C due to the formation of cusps as a result 
of the D-L instability and this is evident from the curvature transport statistics in this case. It is 
worth noting (see Figs. 1 and 3) that a moderate amount of cusp formation takes place due to 
Huygens propagation in case A [39] but Figs. 7-11 indicate that the curvature transport statistics 
for cusp formation in case C due to the D-L instability is fundamentally different from that in 
case of Huygens propagation.  
 
The case D represents the thin reaction zones regime combustion and has the highest value of 
𝑢′ 𝑆𝐿⁄  and thus the extent of flame wrinkling in this case is greater than in cases A and E. This 
gives rise to higher probability of obtaining negative principal curvatures and saddle point 
flame topologies in case D than in cases A and E. Moreover, the greater extent of flame 
wrinkling in case D also leads to non-negligible magnitudes of 𝑇1−10 × (𝛿𝑡ℎ
2 /𝑆𝐿) for larger 
range of positive 𝜅𝑚 values than in cases A and E. The relative distributions of 𝑇1−10 ×
(𝛿𝑡ℎ
2 /𝑆𝐿) in relation to 𝜅𝑚 have been found to be consistent with the variations of these terms 
conditional on 𝜅𝑚  in Figs. 7 and 8, and thus the corresponding description is not repeated here 
for the sake of brevity.  
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The above findings indicate that the added contributions to the curvature 𝜅𝑚 transport arising 
from displacement speed 𝑆𝑑 play significant roles for all flames considered here. This 
essentially indicates that curvature and displacement speed are intrinsically interlinked. In other 
words, displacement speed 𝑆𝑑 is not only interlinked with curvature (i.e. a negative correlation 
exists between 𝑆𝑑 and 𝜅𝑚 [9-21,23-25,27,28]) but it also affects flame wrinkling through the 
curvature evolution.  It has been demonstrated elsewhere [60-63] that the curvature 𝜅𝑚 and its 
interrelation with displacement speed 𝑆𝑑 play a key role in the Flame Surface Density (FSD) 
and scalar dissipation rate (SDR) transports. Furthermore, the analysis of curvature evolution 
also reveals that the displacement speed induced terms are principally responsible for the 
generation of negatively curved cusps in the case of the D-L instabilities in high-pressure 
flames. 
 
5. CONCLUSIONS 
The evolution of flame curvature in turbulent premixed Bunsen flames at three different values 
of thermodynamic pressure has been analysed in detail. In order to distinguish the pressure 
effects, two additional cases at the lowest pressure value have been considered by changing 
inlet turbulence intensity 𝑢′/𝑆𝐿 and integral length scale to flame thickness ratio, 𝑙 𝛿𝑡ℎ⁄ , 
respectively, in such a manner that the turbulent Reynolds number, 𝑅𝑒𝑡, remains identical to 
the highest-pressure case. It has been found that all Bunsen flame cases show predominant 
probability of finding negative curvature and concave cup flame topology. However, the 
probability of finding concave saddle point flame topology, typical of cusp formation, increases 
with increasing pressure and this is particularly prominent for the case with the highest pressure 
due to the presence of the D-L instability. The probability of finding positive curvature and 
convex saddle point flame topologies also increases with increasing 𝑢′/𝑆𝐿. The net mean 
contribution of the terms arising from flame propagation in the flame curvature transport 
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equation (i.e., (𝑇6 +⋯+ 𝑇10)) dominates the net mean contribution of the flow terms (i.e., 
(𝑇1 +⋯+ 𝑇5)). The net mean contribution of (𝑇1 +⋯+ 𝑇10) remains negative for both 
negatively and positively curved regions for all cases on the most reactive 𝑐-isosurface, apart 
from localised positive peaks for small positive curvature values found in some cases (e.g. A, 
B and E). By contrast, the net mean contribution of (𝑇1 +⋯+ 𝑇10) assumes high negative 
values at the negatively curved regions for high-pressure flames, which in turn is responsible 
for negative skewness in the curvature PDF for these cases where the effects of the D-L 
instability are prominent. This indicates that the contributions arising from the displacement 
speed are principally responsible for these negatively curved cusp formations in the case of D-
L instability. It has been found that large magnitudes of the terms of the curvature transport 
equation (i.e. 𝑇1−10) are obtained also for saddle point type (i.e., 𝜅𝑔 < 0) flow topologies. The 
present study reveals that the flame topology distribution and the curvature evolution are likely 
to be different for low-pressure flames in comparison to high-pressure conditions for the same 
turbulence parameters. However, an increase in 𝑢′/𝑆𝐿 in low-pressure condition alters the 
distributions of curvature and flame topologies. 
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